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Abstract— Curr ent approachesto distrib uted control involving
many robots generally restrict interactions to pairs of robots
within a threshold distance. While this allows for provable
stability, there are performance costs associatedwith the lack
of long-distance information. We intr oduce the acute angle
switching algorithm, which allows a small number of long-range
interactions in addition to interactions with nearby neighbors,
without sacri cing provable stability. We prove several formal
properties of the acute angle switching algorithm, including
system-wide connectvity. Further, we shov simulation results
demonstrating the ef cacy and robustnessof multi-r obot systems
basedon the acute angle switching algorithm.

I. INTRODUCTION

Teamsof cooperatingobotsmay be capableof performing
tasksthataredif cult or impossiblewith a single robot. With
recentadwancesin wireless communicationand integration,
it is becomingfeasible to deploy such teamswith robots
numberingin the hundredsIn sucha system the control and
coordinationproblemsbecomechallenging.

We have delevelopeda control schemedesignedo address
the caseof a large numberof robotsperforminga distributed
remote sensingmission. Our approachbuilds upon previous
work in distributedcontrolsystemsin which eachrobotimple-
mentsonly local interactionswith neighboringrobotswithin
a set threshold distance (for example, [1], [2]). Typically,
the local interactionsare designedto createdesirableoverall
propertiesin the system.Thus, there is global cooperation
without ary centralizedcontrol, which is essentiafor systems
that mustscaleto hundredsof robots.

Limiting interactionsto neighborswithin a thresholddis-
tanceallows for provable stability, but hasseveral dravbacks.
Most signi cantly, the robotsmay be partitionedinto several
disconnectedclusters. Causesof partitioning may include
ernvironmental disturbancesfailure of one or more robots,
or temporarycommunicationdailure, amongothers.With a
threshold-distancealgorithm, there is no guaranteethat the
disconnectedlusterswill ever reconnect.

Our work extends the previous approachso that robots
interact with selectedneighboringrobots at larger distances
whenpossiblejn additionto interactingwith neighborswithin
a threshold distance. We have developed an acute angle
switching algorithm that guaranteegonnecwity at all times
when the robots' vision rangeis sufcient. The acuteangle

switchingalgorithmensureshatary disconnectedlusterswill
reconnectf the ervironmentallows.

In this paper we describethe acute angle switching al-
gorithm itself, and formally shav the key propertiesof the
algorithm.We thendiscussmplementatiorconcernsandshowv
simulationresults.

In a companionpaper[3 , we formally prove thatthe acute
angle switching algorithm doesnot destabilizethe system.

Il. RELATED WORK

Thereis a signi cant body of previous work dealingwith
coordinationof smallteamsof robots,e.qg.[4],[5], [6], [7], [8],
[9]. More recently therehasbeenresearchnto behaior-based
andvirtual-physicsbasedcontrol of large teamsof robots[1(Q,
[11], [12], [1], [13], [14]. The work most closely relatedto
our own is summarizedelow.

A. BehaviorbasedContol

Fully distributed control basedupon simplelocal behaiors
has beenusedin several contexts. Much of this researchis
basedon the intuition gainedfrom observingbehaiors such
as ocking in animals.In ocking situations,animalsseemto
drav mostof their behaioral cuesfrom thenearby ockmates.
Using this obsenation asa basis,Brooks[1Q hasinvesticated
behaior-basedcontrol extensiely; Werger[1]] laterdescribed
thedesignprinciplesof suchsystemsBalchandHybinette[15
suggestedhe useof “attachmentsites” that mimic the geom-
etry of crystals;this is usedto createformationswith large
numbersof robots. A variety of projectshave made use of
“swarm robotics; e.g., [16] and [17], to carry out simple
taskssuchaslight tracking. Gage[12 investicatedthe use of
robot swarmsto provide blanket, barrier or sweepcoverage
of an area. Several researchediave used models basedon
the interactionsof antswithin a colory[18], [17], [19]. These
approachegenerallyseekto de ne simplelocal behaiors that
leadto large-scalepropertieshat arebene cial in a particular
application.

Our work seeksto extend the intuition behind behaior-
basedcontrol to include small amountsof non-local infor-
mation. We hypothesizethat while animalsin a ock mostly
follow their local neighbors,they may also make use of
somelargerscaleobsenations,especiallywhenthereare few
neighborsin the immediatevicinity. This inspiresus to use



a switching function that occasionallyallows interactionover
longerdistances.

B. Virtual Physics

Distributed control basedon virtual physics (also called
“arti cial physics” or “physicomimetics”)hasalsobeeninves-
tigated, althoughnot in the mannerdescribedhere. Howard,
MataricandSukhatme[l modelrobotsaslik e electricchages
in order to causeuniform deploymentinto an unknawvn en-
closed area. Spearsand Gordon[13, [14], [20] use a more
sophisticatednodel analogousto the gravitational force, but
malke the force repulsie at closerange.Both of thesemod-
els use switching functions basedon a threshold distance.
McLurkin[21] used a partially-connectedinteraction graph
with a physics model similar to that of compressedprings
to produceuniform deploymentwithin a limited indoor ervi-
ronment.Theseworks provide usefulheuristicalgorithms but
unlike our work, they do not attemptto shav ary provable
propertiesof the resultingformations.

C. Switdhed Systems

Jadbabaieand colleaguesused algebraicgraph theory to
shav stability for switched networks using nearby-neighbor
rules[2], [22], [23]. Hespanhaand Morse used dwell-time
analysisto shav stability in systemswith arbitrary switching
that is slowv on the average[23, [25], [26]. Bullo and col-
leaguesshaved stability in a switchedsystemusing VVoronoi
neighbors[2]. Theseresultsall differ from our work in that
we use a switching function that is designedrst to create
speci ¢ geometricproperties.

I1l. ACUTE ANGLE SWITCHING ALGORITHM

Our systemis basedon simple spring-like interactions
betweenthe robots. Such dynamics are intuitive and easy
to implementon a real system.Robotsuse the acuteangle
switching algorithm to determinewith which other robotsto
interact.

For a given setof springs,the controllaw for eachrobotis
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where X representghe cartesiancoordinatesdescribingthe
robot's position,x is the robot's accelerationy is the robot's
velocity, S is the setof springsconnectedo this robot, |; is
thelengthof thei'th spring,and¥; is the unit vectorfrom this
robotto the robot on the otherendof the i’ th spring. Control
constantarethe naturalspringlength(lp), the springstiffness
(ks), andthe dampingcoefcient (kq).

At every time step,the currentsetof springsis determined
with an acute angle test. Considera graph in which the
verticesrepresentobotsandthe edgesrepresentirtual spring
connections.Each vertex has a location equialent to the
estimatedlocation of the robot it representsBy de nition,
thereis an edgebetweenverticesA andB if andonly if for
all otherverticesC, the interior angleé ACB is acute.This

createsa meshof acutetriangles.Note that the acute-angle
testis equivalentto a testfor the presenceof ary vertex C
insidethe circle with diameterAB , which is moreef cient to
compute.

The graph producedby the acute-angleestis equivalent
to the Gabriel graph, which was originally describedin the
context of geographiovariation analysis[2§".

Figure 1 shawvs two examplesof the acute-angleest. In
Figurel(a),anedgeexistsbetweerA andB, sinceall interior
anglesé ACB are acute.In Figure 1(b), the edgedoesnot
exist becausethe acute-angletest fails with robot C4. The
circle with diameterAB is alsoshawn; it is equivalentto say
that the edgedoesnot exist becauseC4 is inside the circle.

The basic acute angle switching algorithm is fully dis-
tributed; robots needonly local information in orderto de-
terminespring connectionsOur simulationsshov empirically
that basic acute-anglemeshesare stable. In a companion
paper[3, we describea modied algorithm that uses an
additionalvaluecalledtheenegy reservewhichis propagted
through the mesh at low frequeng and used to restrict
switching in certain casesWe show that the modi ed acute
angleswitching algorithm createsprovably stablemeshes.

IV. PROPERTIES OF ACUTE-ANGLE MESHES

Acute-anglemesheshave several desirableproperties,in-
cluding provable connectvity. For completenesswe present
proofs of the more relevant properties.Alternative proofs of
thesepropertiesaswell asadditionalpropertiesmay be found
in [29].

De nition 4.1: A ./ B is a relation on robotsA andB.
A ./ B iff 8 robotsC distinct from A and B, the interior
angleé ACB is acute.A ./ B indicatesthat a spring exists
betweenA andB.

De nition 4.2: A: B isdened as(not A ./ B).

De nition 4.3: dist(X;Y) representshe distancebetween
robotsX andyY.

Lemmad4.4: All robots have a spring connectionto the
nearesneighboringrobot.

Proof: Suppose9 at least?2 robots. Pick ary robot A.
Then somerobot B must be closestto A; thatis, 9 robot
B, B 6 A, suchthat 8 robotsC distinct from A and B,
dist(A; B) dist(A; C). We want to shav A ./ B. Let
b represeninterior angleé AB C and let ¢ represeninterior
angles ACB. Sincedist(A; B) dist(A; C), we know ¢
b. Thusc mustbe acute,sincec+ b< 180andc is the smaller
of the two. This is true for arny choiceof robot C, which is
exactly the conditionthatde nes A ./ B. [ ]

Lemma4.5: For robotsA andB, if A: B thenthereexists
a robot C distinct from A and B suchthat dist(A; C) <
dist(A; B) anddist(B; C) < dist(A; B). Thatis, if A andB
are not connectedhensomeC is closerto A andto B than
they areto eachother

1As the authorsdo not follow the literature in geographicanalysis,we
arrived at this algorithm independentlyWe thank the anorymous reviewer
for bringing this referenceto our attention.



(a) Satis ed acute-anglaest

Fig. 1.

Illustration of Theorem4.6.

Fig. 2.

Proof: By de nition, if A: B then9 robot C distinct
from A andB suchthatthe interior angle6 ACB 90 (this
is the contrapositie of the de nition). With this choiceof C,
segmentAB is the longestside of triangle AB C, sinceit is
oppositethelargestangle.Thus,dist (A; C) < dist(A; B) and
dist(B;C) < dist(A; B). ]

Theoem4.6: Any acute-anglespringmeshis planar

Proof: By contradiction(seeFigure 2): Supposean in-
tersectionexists. Speci cally, supposeA ./ B andC ./ D for
distinct robots A; B;C; D and AB intersectsCD. Consider
guadrilateraAC B D . Someanglein ary quadrilateramustbe
at least90 deg. Without loss of generalitylet 6 DAC  90.
Then by de nition, C: D sinceit fails the acute-angletest
with A. This contradictsC ./ D. Sinceary intersectionleads
to a contradiction the meshmustbe planar [ ]

Theoem4.7: Any acute-anglespringmeshis connected.

(b) Unsatis ed acute-angldest

lllustration of acute-angldgest

Proof: Considera spring meshM partitionedinto two
parts,M ; and M ;, so that every robot is in eitherM ; or
M , andthereis at leastonerobot eachin M; andM . It
is sufcient to shawv that there exists a spring betweensome
robotin M ; andsomerobotin M ; for ary suchpartitioning?

Pick robotsA 2 M ; andB 2 M , suchthat for ary A°2
M{;B%2 M, dist(A;B) dist(A%B9. Thatis, pick the
robotsA andB with the smallestdistancebetweerthem.Now
we shav A ./ B by contradiction.

SupposéA: B. Thenby Lemmad4.5,thereis arobotC such
that dist(A; C) < dist(A; B) anddist(B;C) < dist(A; B).
Robot C must be in eitherM 1 or M,. If C 2 M then
dist(A; B) dist(C;B) becauseof how we selectedA
and B (we are usingC as A° and B asB9. However, we
know dist(C;B) = dist(B;C) < dist(A; B), which is a
contradiction.If C 2 M, thereis a similar contradiction,so
A .l B.

This proof is valid when there are at least 3 robots. The
2—-robotcaseis coveredby Lemmad4.4. The 1-robotcaseis
meaningless. [ ]

The precedingproofsassumehat vision limitations are not
signi cant. In reality, a mesh could of coursebecomedis-
connecteddue to greatdistancesor ervironmentalocclusion.
However, sincethe connectiondetweenwo partitionsalways
include the shortestpairwisedistancebetweenrobotsin each
partition, acute-anglaneshesendto be connectedvhenaer
the ervironmentallows.

V. IMPLEMENTATION CONCERNS

The control schemewe have describedis straightforvard
to implementand inherently scalable.The compleity of the

2This is true becauseaf somegroup of robotsM © M is not connected
to the others,thenonecansetM; = M%andM, = M nMPO This
immediatelyleadsto a contradiction,sincetheremustbe at leastone spring
betweenM ; andM ».



(a) Initial condition
algorithm

(b) Final condition with threshold distance

(c) Final con guration with acuteanglealgo-
rithm

Fig. 3. Multiple clustersof robotsdeplgying into a single mesh
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Fig. 4. Fraction of edgesthat are not within thresholddistance,for the
situationshown in Figure 3

algorithm running on eachrobot increaseswith the number
of locally visible robots (that is, the numberof neighboring
robotsthatare currentlyin sight), but signi cantly, compleity
is independentf thetotal numberof robots In fact,robotsare
not explicitly aware of the existenceof ary otherrobotthatis
not locally visible. For this reasonthereis no particularlimit
on the numberof robots that may be membersof a single
cluster

Thereis no fundamentalcommunicationoverheadassoci-
atedwith the control scheme Sincethe acuteangleswitching
algorithm and force computationsare symmetric, it is not
necessaryfor robots to communicatewith each other in
order to updatethe graph topology and execute the virtual
physics model. However, the modi ed switching algorithm
describedin [3] doesrequire periodic communicationwith
local neighbors.

A. SimulationResults

We have implementedour dynamicsmodel in simulation
with both the thresholddistanceand acute angle switching
algorithms. Figure 3 shavs four separateclusters of ten
robotseachdeplgying into a single mesh.With the threshold
distancealgorithm, two of the clusterscombine,but the other
two remain separate.The acute angle switching algorithm

Fig. 5. Initial condition

Fig. 6. After multi-robot failure, using thresholddistancealgorithm

successfullycombinesall four clustersinto a singleconnected
mesh.For the latter case,Figure 4 shavs the fraction of the
edgesthat are longer than the thresholddistanceas a func-
tion of simulationtime. This quantity representdhe degree
to which the acute angle switching algorithm is behaing
differently than the thresholddistancealgorithm. Thereare a
signi cant numberof long edgesduring the period when the
clustersarecombining,but the numberof long edgesdecreases
rapidly to zero when the combinationis complete. This is
not surprising—thedynamicsof the systemtend to drive all
edgelengthsto the naturallength. Thus,the acuteanglemesh
becomesequialentto the thresholddistancemeshover time.

Figures5, 6, and 7 shav the performanceof both algo-
rithms for a simple testcaseinvolving multiple robot failure.
Figure 5 shawvs an initial formation of 31 robotsin a stable
con guration. In this test case,threerobotsin the centerof
the formationfail simultaneoulsycausingthe overall meshto
be partitionedinto two smallermeshes.



(a) Immediatelyafter failure

(b) Final con guration

Fig. 7. After multi-robot failure, using acuteanglealgorithm

(a) Intermediatestate

(b) Final con guration

Fig. 9. Tamettrackingusingthresholddistancealgorithm

Fig. 8. Initial condition:all targetsaremoving laterally away from the mesh.

As seenin Figure 6, the threshold distance switching
algorithmdoesnot causethe two smallermeshedo join, since
the robotsin eachpartition are beyond the thresholddistance
from eachother However, the acuteangleswitchingalgorithm
will causethe partitions to join, provided that the robots
have sufcient vision range (which is true by de nition in
this case).Figure 7 shawvs the acuteanglemeshcon guration
immediatelyafter the multi-robot failure, and the nal stable
con guration.

Figures8, 9, and 10 shav a situationin which the positions
of the robotsare externally forced by the presenceof tamgets
(denotedby squares)All targetsare moving away from the
mesh, as the robots near the targets move to intercept. The
targets “stretch” the entire mesh, but distortion in the mesh

Fig. 10. Final conditionusing acuteangleswitchingalgorithm

is most signi cant near the tamets, since the disturbance
causedby the targetsis split amongmore and more springs
as it propagtesinward. Thus, the longestedgesare those
connectedo the robotsthat are interceptingthe targets.

When using the threshold distance algorithm, this fact
meansthat the robotstracking the targets may split off from
the main group, astheir connectionsare stretchedoeyond the
threshold.This is illustratedin Figure9. Suchtarget-induced
splits do not occurwith the acuteangle switching algorithm,
sinceit is designedo prohibit disconnectioninstead,asseen
in Figure 10, a string of robotsis pulled out in the direction
of eachtamet.

VI. CONCLUSION

We have demonstratedan alternatve to the standarddis-
tributedcontrol switchingalgorithmsbasedon a thresholddis-
tance.The acuteangleswitchingalgorithmcreatesa switched
systemthat featuresa provably connectedadjaceng graph.
Without sacri cing stability, this algorithm allows robots to



take adwantageof long-distancenteractionswhene&er possi-

ble,

which improves the robustnessand performanceof the

overall system.
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