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Abstract— Curr ent approachesto distrib uted control involving
many robots generally restrict interactions to pairs of robots
within a thr eshold distance. While this allows for provable
stability, there are performance costs associatedwith the lack
of long-distance information. We intr oduce the acute angle
switching algorithm, which allows a small number of long-range
interactions in addition to interactions with nearby neighbors,
without sacri�cing provable stability. We prove several formal
properties of the acute angle switching algorithm, including
system-wide connectivity. Further, we show simulation results
demonstrating the ef�cacy and robustnessof multi-r obot systems
basedon the acute angle switching algorithm.

I . INTRODUCTION

Teamsof cooperatingrobotsmay be capableof performing
tasksthat aredif�cult or impossiblewith a singlerobot.With
recentadvancesin wirelesscommunicationand integration,
it is becoming feasible to deploy such teams with robots
numberingin the hundreds.In sucha system,the control and
coordinationproblemsbecomechallenging.

We have delevelopeda control schemedesignedto address
the caseof a large numberof robotsperforminga distributed
remotesensingmission.Our approachbuilds upon previous
work in distributedcontrolsystems,in whicheachrobotimple-
mentsonly local interactionswith neighboringrobotswithin
a set threshold distance(for example, [1], [2]). Typically,
the local interactionsare designedto createdesirableoverall
propertiesin the system.Thus, there is global cooperation
without any centralizedcontrol,which is essentialfor systems
that mustscaleto hundredsof robots.

Limiting interactionsto neighborswithin a thresholddis-
tanceallows for provablestability, but hasseveral drawbacks.
Most signi�cantly, the robotsmay be partitionedinto several
disconnectedclusters. Causesof partitioning may include
environmental disturbances,failure of one or more robots,
or temporarycommunicationsfailure, amongothers.With a
threshold-distancealgorithm, there is no guaranteethat the
disconnectedclusterswill ever reconnect.

Our work extends the previous approachso that robots
interact with selectedneighboringrobots at larger distances
whenpossible,in additionto interactingwith neighborswithin
a threshold distance.We have developed an acute angle
switching algorithm that guaranteesconnectivity at all times
when the robots' vision rangeis suf�cient. The acuteangle

switchingalgorithmensuresthatany disconnectedclusterswill
reconnectif the environmentallows.

In this paper, we describethe acute angle switching al-
gorithm itself, and formally show the key propertiesof the
algorithm.We thendiscussimplementationconcernsandshow
simulationresults.

In a companionpaper[3] , we formally prove that the acute
angleswitchingalgorithmdoesnot destabilizethe system.

I I . RELATED WORK

There is a signi�cant body of previous work dealingwith
coordinationof small teamsof robots,e.g.[4],[5], [6], [7], [8],
[9]. More recently, therehasbeenresearchinto behavior-based
andvirtual-physicsbasedcontrolof large teamsof robots[10],
[11], [12], [1], [13], [14]. The work most closely relatedto
our own is summarizedbelow.

A. Behavior-basedControl

Fully distributedcontrol baseduponsimplelocal behaviors
has beenusedin several contexts. Much of this researchis
basedon the intuition gainedfrom observingbehaviors such
as�ocking in animals.In �ocking situations,animalsseemto
draw mostof theirbehavioral cuesfrom thenearby�ockmates.
Using this observation asa basis,Brooks[10] hasinvestigated
behavior-basedcontrolextensively; Werger[11] laterdescribed
thedesignprinciplesof suchsystems.BalchandHybinette[15]
suggestedthe useof “attachmentsites” that mimic the geom-
etry of crystals;this is usedto createformationswith large
numbersof robots. A variety of projectshave madeuse of
“swarm robotics,” e.g., [16] and [17], to carry out simple
taskssuchas light tracking.Gage[12] investigatedthe useof
robot swarmsto provide blanket, barrier, or sweepcoverage
of an area.Several researcheshave used models basedon
the interactionsof antswithin a colony[18], [17], [19]. These
approachesgenerallyseekto de�ne simplelocalbehaviors that
leadto large-scalepropertiesthat arebene�cial in a particular
application.

Our work seeksto extend the intuition behind behavior-
basedcontrol to include small amountsof non-local infor-
mation.We hypothesizethat while animalsin a �ock mostly
follow their local neighbors, they may also make use of
somelarger-scaleobservations,especiallywhentherearefew
neighborsin the immediatevicinity. This inspiresus to use



a switching function that occasionallyallows interactionover
longerdistances.

B. Virtual Physics

Distributed control basedon virtual physics (also called
“arti�cial physics” or “physicomimetics”)hasalsobeeninves-
tigated,althoughnot in the mannerdescribedhere.Howard,
MataricandSukhatme[1] modelrobotsaslike electriccharges
in order to causeuniform deployment into an unknown en-
closedarea.Spearsand Gordon[13], [14], [20] use a more
sophisticatedmodel analogousto the gravitational force, but
make the force repulsive at closerange.Both of thesemod-
els use switching functions basedon a thresholddistance.
McLurkin[21] used a partially-connectedinteraction graph
with a physics model similar to that of compressedsprings
to produceuniform deploymentwithin a limited indoor envi-
ronment.Theseworksprovide usefulheuristicalgorithms,but
unlike our work, they do not attemptto show any provable
propertiesof the resultingformations.

C. SwitchedSystems

Jadbabaieand colleaguesused algebraicgraph theory to
show stability for switchednetworks using nearby-neighbor
rules[2], [22], [23]. Hespanhaand Morse used dwell-time
analysisto show stability in systemswith arbitraryswitching
that is slow on the average[24], [25], [26]. Bullo and col-
leaguesshowed stability in a switchedsystemusing Voronoi
neighbors[27]. Theseresultsall differ from our work in that
we use a switching function that is designed�rst to create
speci�c geometricproperties.

I I I . ACUTE ANGLE SWITCHING ALGORITHM

Our system is based on simple spring-like interactions
betweenthe robots. Such dynamics are intuitive and easy
to implementon a real system.Robotsuse the acuteangle
switching algorithm to determinewith which other robotsto
interact.

For a given setof springs,the control law for eachrobot is

•x = u (1)

u =
� X

i 2 S

ks(l i � l0)v̂ i
�

� kd _x (2)

where x representsthe cartesiancoordinatesdescribingthe
robot's position,•x is the robot's acceleration,_x is the robot's
velocity, S is the set of springsconnectedto this robot, l i is
the lengthof the i' th spring,andv̂ i is theunit vectorfrom this
robot to the robot on the otherendof the i' th spring.Control
constantsarethenaturalspringlength(l0), thespringstiffness
(ks), and the dampingcoef�cient (kd).

At every time step,the currentsetof springsis determined
with an acute angle test. Consider a graph in which the
verticesrepresentrobotsandtheedgesrepresentvirtual spring
connections.Each vertex has a location equivalent to the
estimatedlocation of the robot it represents.By de�nition,
thereis an edgebetweenverticesA andB if andonly if for
all other verticesC, the interior angle 6 AC B is acute.This

createsa meshof acutetriangles.Note that the acute-angle
test is equivalent to a test for the presenceof any vertex C
insidethecircle with diameterAB , which is moreef�cient to
compute.

The graph producedby the acute-angletest is equivalent
to the Gabriel graph,which was originally describedin the
context of geographicvariationanalysis[28]1.

Figure 1 shows two examplesof the acute-angletest. In
Figure1(a),anedgeexistsbetweenA andB , sinceall interior
angles6 AC B are acute.In Figure 1(b), the edgedoesnot
exist becausethe acute-angletest fails with robot C4. The
circle with diameterAB is alsoshown; it is equivalentto say
that the edgedoesnot exist becauseC4 is inside the circle.

The basic acute angle switching algorithm is fully dis-
tributed; robots needonly local information in order to de-
terminespringconnections.Our simulationsshow empirically
that basic acute-anglemeshesare stable. In a companion
paper[3], we describe a modi�ed algorithm that uses an
additionalvaluecalledtheenergy reserve, which is propagated
through the mesh at low frequency and used to restrict
switching in certaincases.We show that the modi�ed acute
angleswitchingalgorithmcreatesprovably stablemeshes.

IV. PROPERTIES OF ACUTE-ANGLE MESHES

Acute-anglemesheshave several desirableproperties,in-
cluding provable connectivity. For completeness,we present
proofs of the more relevant properties.Alternative proofs of
theseproperties,aswell asadditionalproperties,maybefound
in [29].

De�nition 4.1: A ./ B is a relation on robots A and B .
A ./ B iff 8 robots C distinct from A and B , the interior
angle 6 AC B is acute.A ./ B indicatesthat a spring exists
betweenA andB .

De�nition 4.2: A: B is de�ned as(not A ./ B ).
De�nition 4.3: dist (X ; Y ) representsthe distancebetween

robotsX andY .
Lemma4.4: All robots have a spring connectionto the

nearestneighboringrobot.
Proof: Suppose9 at least2 robots.Pick any robot A.

Then somerobot B must be closestto A; that is, 9 robot
B , B 6= A, such that 8 robots C distinct from A and B ,
dist (A; B ) � dist (A; C). We want to show A ./ B . Let
b representinterior angle 6 AB C and let c representinterior
angle6 AC B . Sincedist (A; B ) � dist (A; C), we know c �
b. Thusc mustbeacute,sincec+ b < 180andc is thesmaller
of the two. This is true for any choiceof robot C, which is
exactly the condition that de�nes A ./ B .

Lemma4.5: For robotsA andB , if A: B thenthereexists
a robot C distinct from A and B such that dist (A; C) <
dist (A; B ) anddist (B ; C) < dist (A; B ). That is, if A andB
arenot connectedthensomeC is closerto A and to B than
they are to eachother.

1As the authorsdo not follow the literature in geographicanalysis,we
arrived at this algorithm independently. We thank the anonymous reviewer
for bringing this referenceto our attention.



(a) Satis�ed acute-angletest (b) Unsatis�ed acute-angletest

Fig. 1. Illustration of acute-angletest

Fig. 2. Illustration of Theorem4.6.

Proof: By de�nition, if A: B then 9 robot C distinct
from A andB suchthat the interior angle6 AC B � 90 (this
is the contrapositive of the de�nition). With this choiceof C,
segmentAB is the longestside of triangle AB C, sinceit is
oppositethelargestangle.Thus,dist (A; C) < dist (A; B ) and
dist (B ; C) < dist (A; B ).

Theorem4.6: Any acute-anglespringmeshis planar.
Proof: By contradiction(seeFigure 2): Supposean in-

tersectionexists.Speci�cally, supposeA ./ B andC ./ D for
distinct robots A; B ; C; D and AB intersectsCD. Consider
quadrilateralAC B D. Someanglein any quadrilateralmustbe
at least90 deg. Without loss of generality, let 6 DAC � 90.
Then by de�nition, C: D since it fails the acute-angletest
with A. This contradictsC ./ D . Sinceany intersectionleads
to a contradiction,the meshmustbe planar.

Theorem4.7: Any acute-anglespringmeshis connected.

Proof: Considera spring meshM partitionedinto two
parts,M 1 and M 2 , so that every robot is in either M 1 or
M 2 and there is at leastone robot eachin M 1 and M 2 . It
is suf�cient to show that thereexists a spring betweensome
robot in M 1 andsomerobot in M 2 for any suchpartitioning.2

Pick robotsA 2 M 1 andB 2 M 2 suchthat for any A0 2
M 1 ; B 0 2 M 2 , dist (A; B ) � dist (A0; B 0). That is, pick the
robotsA andB with thesmallestdistancebetweenthem.Now
we show A ./ B by contradiction.

SupposeA: B . Thenby Lemma4.5,thereis a robotC such
that dist (A; C) < dist (A; B ) and dist (B ; C) < dist (A; B ).
Robot C must be in either M 1 or M 2 . If C 2 M 1 then
dist (A; B ) � dist (C; B ) becauseof how we selectedA
and B (we are using C as A0 and B as B 0). However, we
know dist (C; B ) = dist (B ; C) < dist (A; B ), which is a
contradiction.If C 2 M 2 thereis a similar contradiction,so
A ./ B .

This proof is valid when there are at least 3 robots.The
2–robotcaseis coveredby Lemma4.4. The 1–robotcaseis
meaningless.

The precedingproofsassumethat vision limitations arenot
signi�cant. In reality, a mesh could of coursebecomedis-
connecteddue to greatdistancesor environmentalocclusion.
However, sincetheconnectionsbetweentwo partitionsalways
include the shortestpairwisedistancebetweenrobotsin each
partition, acute-anglemeshestend to be connectedwhenever
the environmentallows.

V. IMPLEMENTATION CONCERNS

The control schemewe have describedis straightforward
to implementand inherentlyscalable.The complexity of the

2This is true becauseif somegroup of robotsM 0 � M is not connected
to the others, then one can set M 1 = M 0 and M 2 = M n M 0. This
immediatelyleadsto a contradiction,sincetheremustbe at leastonespring
betweenM 1 andM 2 .



(a) Initial condition (b) Final condition with threshold distance
algorithm

(c) Final con�guration with acuteanglealgo-
rithm

Fig. 3. Multiple clustersof robotsdeploying into a singlemesh
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Fig. 4. Fraction of edgesthat are not within thresholddistance,for the
situationshown in Figure3

algorithm running on eachrobot increaseswith the number
of locally visible robots (that is, the numberof neighboring
robotsthatarecurrentlyin sight),but signi�cantly, complexity
is independentof thetotal numberof robots. In fact,robotsare
not explicitly awareof the existenceof any otherrobot that is
not locally visible. For this reason,thereis no particularlimit
on the numberof robots that may be membersof a single
cluster.

There is no fundamentalcommunicationoverheadassoci-
atedwith the control scheme.Sincethe acuteangleswitching
algorithm and force computationsare symmetric, it is not
necessaryfor robots to communicatewith each other in
order to updatethe graph topology and execute the virtual
physics model. However, the modi�ed switching algorithm
describedin [3] does require periodic communicationwith
local neighbors.

A. SimulationResults

We have implementedour dynamicsmodel in simulation
with both the thresholddistanceand acuteangle switching
algorithms. Figure 3 shows four separateclusters of ten
robotseachdeploying into a singlemesh.With the threshold
distancealgorithm,two of the clusterscombine,but the other
two remain separate.The acute angle switching algorithm

Fig. 5. Initial condition

Fig. 6. After multi-robot failure, using thresholddistancealgorithm

successfullycombinesall four clustersinto a singleconnected
mesh.For the latter case,Figure 4 shows the fraction of the
edgesthat are longer than the thresholddistanceas a func-
tion of simulation time. This quantity representsthe degree
to which the acute angle switching algorithm is behaving
differently than the thresholddistancealgorithm.Thereare a
signi�cant numberof long edgesduring the period when the
clustersarecombining,but thenumberof longedgesdecreases
rapidly to zero when the combinationis complete.This is
not surprising—thedynamicsof the systemtend to drive all
edgelengthsto thenaturallength.Thus,theacuteanglemesh
becomesequivalent to the thresholddistancemeshover time.

Figures5, 6, and 7 show the performanceof both algo-
rithms for a simple testcaseinvolving multiple robot failure.
Figure 5 shows an initial formation of 31 robots in a stable
con�guration. In this test case,three robots in the centerof
the formationfail simultaneoulsy, causingthe overall meshto
be partitionedinto two smallermeshes.



(a) Immediatelyafter failure (b) Final con�guration

Fig. 7. After multi-robot failure, usingacuteanglealgorithm

(a) Intermediatestate (b) Final con�guration

Fig. 9. Target trackingusing thresholddistancealgorithm

Fig. 8. Initial condition:all targetsaremoving laterallyaway from themesh.

As seen in Figure 6, the threshold distance switching
algorithmdoesnot causethetwo smallermeshesto join, since
the robotsin eachpartition arebeyond the thresholddistance
from eachother. However, theacuteangleswitchingalgorithm
will causethe partitions to join, provided that the robots
have suf�cient vision range (which is true by de�nition in
this case).Figure7 shows the acuteanglemeshcon�guration
immediatelyafter the multi-robot failure, and the �nal stable
con�guration.

Figures8, 9, and10 show a situationin which thepositions
of the robotsare externally forced by the presenceof targets
(denotedby squares).All targetsare moving away from the
mesh,as the robots near the targets move to intercept.The
targets “stretch” the entire mesh,but distortion in the mesh

Fig. 10. Final conditionusingacuteangleswitchingalgorithm

is most signi�cant near the targets, since the disturbance
causedby the targets is split amongmore and more springs
as it propagates inward. Thus, the longest edgesare those
connectedto the robotsthat are interceptingthe targets.

When using the threshold distance algorithm, this fact
meansthat the robotstracking the targetsmay split off from
the main group,astheir connectionsarestretchedbeyond the
threshold.This is illustratedin Figure9. Suchtarget-induced
splits do not occurwith the acuteangleswitchingalgorithm,
sinceit is designedto prohibit disconnection.Instead,asseen
in Figure 10, a string of robotsis pulled out in the direction
of eachtarget.

VI . CONCLUSION

We have demonstratedan alternative to the standarddis-
tributedcontrolswitchingalgorithmsbasedon a thresholddis-
tance.Theacuteangleswitchingalgorithmcreatesa switched
systemthat featuresa provably connectedadjacency graph.
Without sacri�cing stability, this algorithm allows robots to



take advantageof long-distanceinteractionswhenever possi-
ble, which improves the robustnessand performanceof the
overall system.
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