
An Approachto SwitchingControl Beyond NearestNeighborRules

Brian Shucker, Todd Murphey, andJohnK. Bennett
College of Engineering,430 UCB

University of Colorado
Boulder, Colorado80309

Email: f shucker, jkb, murpheyg@colorado.edu

Abstract— Curr ent approachesto distrib uted control involv-
ing many robotsgenerally restrict interactions to pairs of robots
within a thr eshold distance. While this allows for provable
stability, there are performance costsassociatedwith the lack
of long-distance information. We intr oduce the acute angle
switching algorithm, which allows a small number of long-range
interactions in addition to interactions with nearby neighbors.
We show that the acute angle switching algorithm provides
an impr ovement in performance while retaining the quality of
provable stability.

I . INTRODUCTION

With recent advancesin integration and wireless com-
munication, there has been increasinginterest in the con-
trol problem associatedwith large numbersof cooperating
robots.We areparticularlyinterestedin theproblemof fully
distributed control (commonlyreferredto as swarming), in
which useful formationsarecreatedwithout any centralized
coordination.Limitations on communicationbandwidthand
rangemake effective swarming algorithmsnecessarywhen
the numberof robotsis large.

Many robotic swarming algorithms are modeled after
phenomenaobservedin nature,suchasthe�ocking behavior
of birds or the schoolingbehavior of �sh. Othersarebased
on simulatedphysicalsystems.Commonto theseapproaches
are simple local control laws implementedon eachrobot,
and designedin sucha way that desirableglobal behaviors
emerge.The control laws aretypically basedon interactions
betweena given robot, the environment, and any nearby
robotsthat arewithin a thresholddistance.

One key drawback of this approachis that disconnected
clustersof robotsmaynever coalesceinto a singleformation.
Disconnectedclustersmay form as a result of the initial
deploymentcon�guration, localizeddisturbancesin theenvi-
ronment,or temporarycommunicationfailure, for example.

Our work extendsthe nearby-neighborsapproachso that
robots interact with selectedneighboring robots at larger
distanceswhen possible, in addition to interacting with
neighborswithin a thresholddistance.We have developed
a nearestneighbor dynamicsmodel paired with an acute
angleswitching algorithmthatusesa smallamountof global
information to guaranteea planarand connectedadjacency
graphat all pointsin time. This allows robotsto bedeployed
in an arbitrarystartingcon�guration andstill reacha single
connectedformation if their sensingis not limited.

We show that the underlyingsystemis stablein termsof
velocity; that is, all of the robots are guaranteedto come

to rest. Further, we show that the addition of long-range
interactionsbasedon the acute angle switching algorithm
do not destabilizethe system.Thus, in environmentswhere
some long-rangeinteractionsare possible,we may attain
both provable connectivity betweenall robotsand provable
stability of the entiresystem.

I I . RELATED WORK

Thereis a signi�cant body of previous work dealingwith
coordinationof small teamsof robots,e.g.[1], [2], [3], [4],
[5], [6]. More recently, therehasbeenresearchinto behavior-
basedand virtual-physics basedcontrol of large teamsof
robots[7], [8], [9], [10], [11], [12]. The work most closely
relatedto our own is summarizedbelow.

A. Behavior-basedControl

Fully distributedcontrolbaseduponsimplelocalbehaviors
has been used in several contexts. Much of this research
is basedon the intuition gained from observingbehaviors
suchas �ocking in animals.In �ocking situations,animals
seemto draw mostof their behavioral cuesfrom the nearby
�ockmates.Using this observation asa basis,Brooks[7] has
investigated behavior-basedcontrol extensively; Werger[8]
later describedthe designprinciplesof suchsystems.Balch
and Hybinette[13] suggestedthe use of “attachmentsites”
that mimic the geometryof crystals; this is used to cre-
ate formationswith large numbersof robots.A variety of
projectshave madeuseof “swarm robotics,” e.g., [14] and
[15], to carryout simpletaskssuchaslight tracking.Gage[9]
investigated the use of robot swarms to provide blanket,
barrier, or sweepcoverageof an area.Several researches
have usedmodelsbasedon the interactionsof ants within
a colony[16], [15], [17]. Theseapproachesgenerallyseek
to de�ne simple local behaviors that lead to large-scale
propertiesthat arebene�cial in a particularapplication.

Our work seeksto extend the intuition behindbehavior-
basedcontrol to include small amountsof non-local infor-
mation.We hypothesizethatwhile animalsin a �ock mostly
follow their local neighbors,they may also make use of
somelarger-scaleobservations,especiallywhentherearefew
neighborsin the immediatevicinity. This inspiresusto usea
switching function that occasionallyallows interactionover
longerdistances.



B. Virtual Physics

Distributed control basedon virtual physics (also called
“arti�cial physics” or “physicomimetics”) has also been
investigated, although not in the manner describedhere.
Howard, Mataric and Sukhatme[10] model robots as like
electricchargesin orderto causeuniformdeploymentinto an
unknown enclosedarea.Spearsand Gordon[11], [12], [18]
use a more sophisticatedmodel analogousto the gravita-
tional force, but make the force repulsive at close range.
Both of thesemodelsuse switching functions basedon a
thresholddistance.McLurkin[19] useda partially-connected
interaction graph with a physics model similar to that of
compressedspringsto produceuniform deployment within
a limited indoor environment.Theseworks provide useful
heuristicalgorithms,but unlikeourwork, they donotattempt
to show any provablepropertiesof the resultingformations.

C. SwitchedSystems

Jadbabaieand colleaguesusedalgebraicgraph theory to
show stability for switchednetworks usingnearby-neighbor
rules[20], [21], [22]. Hespanhaand Morse useddwell-time
analysisto show stability in linear systemswith arbitrary
switching that is slow on the average[23], [24], [25]. Bullo
and colleaguesshowed stability in a switchedsystemusing
Voronoineighbors[26]. Theseresultsall differ from ourwork
in that we usea switching function that is designed�rst to
createspeci�c geometricproperties.

I I I . CONTROL ALGORITHM

Our algorithmis basedon virtual springscreatedbetween
speci�c pairs of robots.As with real springs,eachvirtual
springin themeshhasa naturallengthanda springconstant.

For a given setof springs,the control law for eachrobot
is

•x = u (1)

u =
� X

i 2 S

ks(l i � l0)v̂ i
�

� kd _x (2)

wherex representsthe Cartesiancoordinatesdescribingthe
robot's position,•x is therobot's acceleration,_x is therobot's
velocity, S is the setof springsconnectedto this robot, l i is
the length of the i' th spring,and v̂ i is the unit vector from
this robot to the robot on the other end of the i' th spring.
Controlconstantsarethenaturalspringlength(l0), thespring
stiffness(ks), and the dampingcoef�cient (kd).

IV. NETWORK TOPOLOGY SWITCHING

Deciding which adjacent robots with which to form
springs is a nontrivial problem. After investigating many
options[27], we have developed a new algorithm that is
basedupon an acute-angletest, describedin more detail in
[27] and[28]. This algorithmretainsthe connectionstypical
to a nearby-neighborsapproach,but addsadditional long-
rangeconnectionsin order to maintainconnectivity among
all robots.

Consideragraphin whichtheverticesrepresentrobotsand
the edgesrepresentvirtual spring connections.Eachvertex

has a location equivalent to the estimatedlocation of the
robot it represents.Under the Acute-AngleTest algorithm,
there is an edgebetweenverticesA and B if and only if
for all otherverticesC, the interior angle6 AC B is acute1.
This createsa meshof acutetriangles.Theacute-angletestis
equivalentto a testfor thepresenceof any vertex C insidethe
circle with diameterAB , which is moreef�cient to compute.

Figure 1 shows two examples of the acute-angletest.
In Figure 1(a), an edge exists betweenA and B , since
all interior angles 6 AC B are acute. In Figure 1(b), the
edgedoesnot exist becausethe acute-angletest fails with
robot C4. The circle with diameterAB is alsoshown; it is
equivalent to saythat the edgedoesnot exist becauseC4 is
inside the circle.

The acuteangletest is symmetric,so it doesnot require
communicationbetweenthe robots. It results in a planar
andconnectedgraph,regardlessof the initial distribution of
robots.Formalproofsof thesepropertiesaregiven in a com-
panionpaper[31]. This provableconnectivity is a signi�cant
advantageover the standardthresholddistancealgorithm,
sinceit preventstheformationof separatedclustersof robots.
The acuteangle algorithm is also parameter–free (that is,
there is no thresholdvalue that needsto be determined),
doesnot requirea global referenceframe,anddoesnot put
any constraintson the global shapeof the mesh.

V. STABILITY

A. StaticStability

Any spring meshwith �x ed topology and kd > 0 will
eventually converge to a stationarystate,where all robots
have velocity approachingzero. Intuitively, this is because
the dynamicsof a virtual springareanalogousto thoseof a
real spring, in which energy is conserved. Sincewe ensure
kd > 0, there is always a damping effect acting against
the motion of eachrobot. This forcesa reductionin kinetic
energy. Kinetic energy maybegainedby convertingpotential
energy storedin springs,but sincespringsaredissipative, the
total energy (potential+ kinetic) in themeshcannotincrease.
Sincethe existenceof kinetic energy resultsin a decreasein
total energy, and this energy cannotbe replenished,kinetic
energy musteventuallyapproachzero.

Formally, for n robotsin a springmesh,de�ne X as the
vectorof Cartesianpositionsof the robots.De�ne the n x n
spring matrix as S suchthat S(i; j ) = 1 iff a spring exists
betweenrobots i and j and S(i; j ) = 0 otherwise.De�ne
the n x n displacementmatrix D suchthat:

D (i; j ) = (dist (i; j ) � l0)2 (3)

wheredist (i; j ) is the distancebetweenrobots i and j . D
representsthe displacementfrom natural length of every
spring that may exist, and is time-dependent.

Lemma5.1: In a spring mesh with �x ed topology and
kd > 0, all robotseventually reachzerovelocity.

Proof: Our proof will take advantageof Barbalat's
lemma, which statesthat if f (t) is �nite and if _f (t) is

1This testis equivalentto thatusedto generatea Gabrielgraph[29], [30].



(a) Satis�ed acute-angletest (b) Unsatis�ed acute-angletest

Fig. 1. Illustration of acute-angletest

uniformly continuous(or equivalently, •f (t) is �nite), then
_f (t) approacheszeroast approachesin�nity . We will apply

Barbalat's lemmato an energy function V , therebyshowing
that _V goesto zero,which togetherwith our de�nition will
imply that all robotsreachzerovelocity.

Considerthe following energy function:

V = 1n T 1
2

ks(S: � D )1n +
1
2

( _X T _X ) (4)

whereks > 0 is thespringstiffness,:� representsanelement-
by-elementmultiply and1n is the vectorof n ones.

As D andS arepositive-de�nite andks > 0, V is positive-
de�nite.

While weomit thederivation(which is nontrivial but fairly
straightforward) for brevity, we claim that the derivative of
the energy function is the following:

_V = � kd( _X T _X ) (5)

which is obtainedby differentiatingV and using Equation
1 to substitutefor •X . As intendedby our choiceof control
laws, all of the spring potential termscancelout and leave
only the dampingterms.

Differentiating _V , we see:

•V = � 2kd( _X T •X ) (6)

We de�ned •X in Equation1, and it is clearly �nite as long
asthe distancesbetweenthe robotsare�nite. We alsoknow
that _X is �nite, becauseit is a term of V (V containsonly
positive termsandis boundedabove by its initial condition,
asits derivative is negative semi-de�nite).Thus,all termsin
•V are �nite.

SinceV is lower boundedby zero, _V is negative semi-
de�nite, and •V is �nite (equivalently, _V is unifromly contin-
uous),Barbalat's lemmastatesthat _V ! 0 as t ! 1 . This
can only occur when all termsin _X are zero,so all robots
eventually reachzerovelocity.

Notice that while _V must approachzero, V may not. It
is possiblefor somepotentialenergy to exist even in a �x ed
spring mesh in its stationarystate. In the generalcase,it
is of coursepossibleto add energy by changingthe mesh
topology.

Also notethatthestatewith zeropotentialenergy doesnot
necessarilyexist in a given environment.This is mosteasily
seenin the casewhere many robots are placedin a small
room(perhapssmalleracrossthanthenaturalspringlength).
In this environment,thereis no reachablecon�guration with
zeropotentialenergy.

Thesepropertiesimply that in the absenceof switching,
all the robotscometo rest,but that the exact �nal formation
is not uniquelydetermined.

B. DynamicStability

In order to show stability in the presenceof time-varying
topology(the dynamiccase),we modify the switchingalgo-
rithm in a mannerinspiredby dwell-timeanalysis.Hespanha
and Morse[24] proved that if all membersof a given class
of linear systemsarestable,thenarbitraryswitchingamong
those systemsresults in a stable hybrid system,provided
thattheswitchingrateis “slow-on-the-average”.They further
show how to computetheaveragetimebetweenswitches(the
dwell time) that guaranteesstability. Essentially, the proof
shows that the rate of decreaseof the Lyapunov function
due to the dissipationis greaterthan the rateof increaseof
the Lyapunov function due to switching.

In our approach,instead of computing a limit on the
switching frequency explicitly, we usea notion of a global
“energy reserve” to createthe samelimiting effect on the
switching rate. We �nd this approachintuitive and more
straightforward to implement in our distributed system,in
which switchingeventsaredetectedlocally.



Let the global energy reserve E be denotedas E and
de�ne constantke such that 0 < ke < 1. The quantity E
is de�ned to be the solution to a differential equation.It
startswith somenonnegative initial value E0 and evolves
accordingto the following:

� E
� t

= kekd(( � X
� t )T ( � X

� t )) (7)

� 1n T 1
2 ks(� S: � D t )1n (8)

wherethe :� operatorindicatesan element-by-elementmul-
tiply and 1n indicatesthe column vector of n ones.Note
that S is no longerconstant;it changeswhenever thereis a
changein topology.

The �rst term in the above equationis positive-de�nite
as before. The secondterm only comesinto play when a
topology changeoccurs(that is, when there is a changein
S), andit is exactly theoppositeof the instantaneouschange
in V dueto the topologychange.

To ensurestability in thedynamiccase,ouralgorithmmust
forbid topologychangesin any casewherethe resultwould
causeE t < 0. This is easyto enforce,sincethe effect on E
of forming eachspringis preciselyde�ned. This restriction,
combinedwith the original switchingalgorithm,de�nes the
modi�ed acute-angleswitching algorithm.

Algorithm 1 u = Update(X , �x , E, priorSprings)
1: currentSprings AcuteAngleTest(X )
2: deltaE Potential(currentSprings- priorSprings,X )
3: if (E - deltaE)< 0 thencurrentSprings priorSprings
4: elseE  E - deltaE
5: u  ControlLaw(currentSprings,X , �x )
6: E  E + kekd( �x

� t )T ( �x
� t )

7: E  AvgWithNeighbors(E)
8: priorSprings currentSprings

Algorithm 1 shows pseudocodeincluding the modi�ed
switchingalgorithm.The updatefunction executesonceper
time step on each robot. The spring sets indicated only
includespringsconnectedto the robot on which the codeis
executing.X representsthe vectorof positionsof all visible
robots,and �x representsthe executing robot's changein
positionsincethe last time step.

At eachtime step,eachrobot recomputesits spring con-
nectionsusing the acuteangletest.The changein potential
causedby the new spring connectionsis computed,and
that quantity is subtractedfrom E if it would not bring E
below zero(this implementsthesecondtermof Equation8).
Otherwise,theold setof springconnectionsareretained.The
control law is thenappliedto updateu, andthe �rst term of
Equation8 is appliedto completethe updateof E . Changes
in E are propagated through the mesh through averaging
with neighbors,which is describedmorebelow.

Theorem5.2: In a springmeshwith topologydetermined
by the modi�ed acute-angleswitching algorithm,all robots
eventually reachzerovelocity.

Proof: Our proof will invoke Barbalat's lemma in
the samemanneras before, but with a modi�ed potential
function:

V 0 = V + E (9)

Recall that E was de�ned in sucha way that it is non-
decreasingin the absenceof switching.Also, our modi�ed
switchingalgorithm forbids any switch that would causeE
to becomenegative. This restrictionis vital in that it ensures
that V 0 never becomesnegative.

Converting _V to discrete-timeform, we have:

� V
� t

= � kd( � X
� t )T ( � X

� t )

+1 n T 1
2 ks(� S: � D t )1n

The�rst termis derivedfrom Equation5; thesecondterm
re�ects the possible instantaneouschangein V due to a
topologychangeand is derived from Equation4.

Substitutingfrom previous equations,we have:

� V 0

� t
=

� V
� t

+
� E
� t

(10)

� V 0

� t
=

�
� kd( � X

� t )T ( � X
� t ) + 1n T 1

2 ks(� S: � D t )1n
�

+
�
kekd( � X

� t )T ( � X
� t ) � 1n T 1

2 ks(� S: � D t )1n
�

which simpli�es to:

� V 0

� t
= � kd(1 � ke)((

� X
� t

)T (
� X
� t

)) (11)

It is convenientat this point to convert backto continuous-
time notation:

_V 0 = � kd(1 � ke)( _X T _X ) (12)

Now it is easyto seethat, similarly to the staticcase,

•V 0 = � 2kd(1 � ke)( _X T •X ) (13)

where •X is now discontinuous,but is still �nite.
Thus, we again have a nonnegative potential function

V 0 with _V 0 negative semi-de�nite and •V 0 �nite. Barbalat's
lemma still applies, implying _V 0 ! 0 as t ! 1 , so all
velocitiesmustapproachzero.

By design, switching does not affect the value of V 0

becausethechangesin V causedby switchingarecountered
exactly by oppositechangesin E . Intuitively, the changein
E at eachtime step indicatesthe amountof energy that is
dampedoutof thesystem(reducedby theconstantfactorke),
minus the energy createdor destroyed by spring switching.
By forbidding spring switching when E < 0 and using
0 < ke < 1, we ensurethat, on the average,the energy
introducedby switchingis lessthantheenergy removedfrom
thesystemby damping.This is intuitively similar to theresult
obtainedthroughdwell-time analysis.



(a) Initial state (b) Final state

Fig. 2. Clusterdeploymentscenario:robotsdeploy from a clusteredinitial con�guration

(a) Initial state (b) Final state

Fig. 3. Distributeddeploymentscenario:robotsdeploy from a scatteredinitial con�guration

(a) Initial state (b) Intermediatestate (c) Final state

Fig. 4. Multiple clusterdeploymentscenario:robotsfrom initially separatedclustersdeploy into a singlemesh
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Fig. 5. Fractionof edgesthat are not within thresholddistance,for the
situationshown in Figure4

Becausethe effect of eachswitch on the global potential
can be locally determined,no global communication is
necessary. Although E is de�ned as a global value, each
robot may have its own estimateof the currentvalueof E .
Changesin E may be propagatedby causingeachrobot to
periodically averageits estimateof E with its neighbors'
estimates.Averagingis a conservative operation(it doesnot
changethe sum of all estimatesof E), and in a connected
mesh all estimateswill eventually converge to the same
value. Such convergenceis provable and is known as the
consensusproblem[32]. Thus,every estimatewill be driven
to the samevalue,which hasthe samebehavior (neglecting
scalingby the numberof robots)as the global E , sinceno
energy wascreatedor destroyed by the averagingprocess.

VI . SIMULATION RESULTS

Figures2, 3, and 4 show the resultsof three simulated
deploymentscenarios.In Figure2, forty robotsdeploy from a
tight cluster. In Figure3, forty robotsdeploy from a scattered
con�guration. In Figure4, four distinctclustersof tenrobots
eachdeploy simultaneously. In all cases,the potentialin the
�nal con�guration is nearzero,but not equal to zero.This
is a typical result.

The result illustratedin Figure4 is signi�cantly different
from what would be obtained with a nearby neighbors
algorithm.Theadditionof theacuteangleswitchingfunction
guaranteesthat the clustersall connectinto a single mesh;
without this, therewould be no assurancethat the clusters
would merge.

Figure 5 shows the fraction of the edgesthat are longer
thanthenearby-neighborsthresholddistanceasa functionof
simulationtime.This quantityrepresentsthedegreeto which
the acuteangleswitching algorithm is behaving differently
thanthe thresholddistancealgorithm.Therearea signi�cant
numberof long edgesduring the period when the clusters
are combining, but the number of long edgesdecreases
rapidly to zero when the combinationis complete.This is
not surprising—thedynamicsof the systemtendto drive all
edgelengthsto thenaturallength.Thus,theacuteanglemesh
becomesequivalentto thethresholddistancemeshover time.

VI I . CONCLUSION

We have demonstratedan alternative to nearby-neighbor
switching algorithms.The acuteangle switching algorithm
createsa switchedsystemthat featuresa provably connected
adjacency graph. While providing connectivity, the added
long-distancelinks createdby the acute angle switching
algorithm do not destabilizethe system.This allows an in-
creasein performancewhencomparedto standardswitching
algorithmsbasedon simpledistancethresholds.
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