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Abstract— Curr ent approachesto distrib uted control involv-
ing many robotsgenerally restrict interactions to pairs of robots
within a threshold distance. While this allows for provable
stability, there are performance costsassociatedwith the lack
of long-distance information. We intr oduce the acute angle
switching algorithm, which allows a small number of long-range
interactions in addition to interactions with nearby neighbors.
We show that the acute angle switching algorithm provides
an improvementin performance while retaining the quality of
provable stability.

I. INTRODUCTION

With recentadwancesin integration and wireless com-
munication, there has beenincreasinginterestin the con-
trol problem associatedvith large numbersof cooperating
robots.We are particularlyinterestedn the problemof fully
distributed control (commonlyreferredto as swarming, in
which usefulformationsare createdwithout ary centralized
coordination.Limitations on communicationbandwidthand
rangemale effective swarming algorithmsnecessarywhen
the numberof robotsis large.

Many robotic swarming algorithms are modeled after
phenomenabseredin nature,suchasthe ocking behaior
of birds or the schoolingbehaior of sh. Othersare based
on simulatedphysical systemsCommonto theseapproaches
are simple local control laws implementedon eachrobot,
and designedn sucha way that desirableglobal behaiors
emepe. The control laws aretypically basedon interactions
betweena given robot, the ervironment, and ary nearby
robotsthat are within a thresholddistance.

One key drawback of this approachis that disconnected
clustersof robotsmay never coalescénto a singleformation.
Disconnectedclustersmay form as a result of the initial
deploymentcon guration, localizeddisturbance# the ervi-
ronment,or temporarycommunicatiorfailure, for example.

Our work extendsthe nearby-neighborsipproachso that
robots interact with selectedneighboring robots at larger
distanceswhen possible, in addition to interacting with
neighborswithin a thresholddistance.We have developed
a nearestneighbor dynamicsmodel paired with an acute
angleswitding algorithmthatusesa smallamountof global
information to guaranteea planarand connectedadjaceng
graphatall pointsin time. This allows robotsto be deployed
in an arbitrary startingcon guration andstill reacha single
connectedormationif their sensingis not limited.

We shaw that the underlyingsystemis stablein termsof
velocity; that is, all of the robots are guaranteedo come

to rest. Further we showv that the addition of long-range
interactionsbasedon the acute angle switching algorithm
do not destabilizethe system.Thus, in ervironmentswhere
some long-rangeinteractionsare possible,we may attain
both provable connectvity betweenall robotsand provable
stability of the entire system.

Il. RELATED WORK

Thereis a signi cant body of previous work dealingwith
coordinationof small teamsof robots,e.qg.[1], [2], [3], [4],
[5], [6]. More recently therehasbeenresearchnto behaior-
basedand virtual-physics basedcontrol of large teamsof
robots[7],[8], [9], [10], [11], [12]. The work most closely
relatedto our own is summarizedbelow.

A. BehaviorbasedContol

Fully distributedcontrolbaseduponsimplelocal behaiors
has beenusedin several contets. Much of this research
is basedon the intuition gained from observingbehaiors
suchas ocking in animals.In ocking situations,animals
seemto draw mostof their behaioral cuesfrom the nearby
ockmates. Using this obsenation asa basis,Brooks[7 has
investicated behaior-basedcontrol extensvely; Werger[§
later describeathe designprinciplesof suchsystemsBalch
and Hybinette[13 suggestedhe use of “attachmentsites”
that mimic the geometryof crystals;this is usedto cre-
ate formationswith large numbersof robots. A variety of
projectshave madeuse of “swarm robotics; e.g.,[14] and
[15], to carryout simpletaskssuchaslight tracking.Gage[9
investicated the use of robot swarms to provide blanket,
barrier or sweepcoverageof an area. Several researches
have usedmodelsbasedon the interactionsof ants within
a colory[16], [15], [17]. Theseapproachegenerally seek
to de ne simple local behaiors that lead to large-scale
propertiesthat are bene cial in a particularapplication.

Our work seeksto extend the intuition behind behaior-
basedcontrol to include small amountsof non-localinfor-
mation.We hypothesizghatwhile animalsin a ock mostly
follow their local neighbors,they may also make use of
somelargerscaleobsenrations,especiallywhentherearefew
neighboran theimmediatevicinity. This inspiresusto usea
switching function that occasionallyallows interactionover
longerdistances.



B. Mirtual Physics

Distributed control basedon virtual physics (also called
“arti cial physics” or “physicomimetics”) has also been
investicated, although not in the manner describedhere.
Howard, Mataric and Sukhatme[1D model robots as like
electricchagesin orderto causeuniform deploymentinto an
unknavn enclosedarea.Spearsand Gordon[1], [12], [18]
use a more sophisticatedmodel analogousto the gravita-
tional force, but make the force repulsve at close range.
Both of thesemodels use switching functions basedon a
thresholddistance McLurkin[19] useda partially-connected
interaction graph with a physics model similar to that of
compressedpringsto produceuniform deployment within
a limited indoor environment. Theseworks provide useful
heuristicalgorithms but unlike our work, they do not attempt
to shawv ary provable propertiesof the resultingformations.

C. Switdhed Systems

Jadbabaieand colleaguesusedalgebraicgraphtheory to
show stability for switchednetworks using nearby-neighbor
rules[20],[21], [22]. Hespanhaand Morse useddwell-time
analysisto shav stability in linear systemswith arbitrary
switchingthatis slow on the average[23 [24], [25]. Bullo
and colleaguesshaved stability in a switchedsystemusing
Voronoineighbors[2§ Theseresultsall differ from ourwork
in that we usea switching function that is designedrst to
createspeci ¢ geometricproperties.

I1l. CONTROL ALGORITHM

Our algorithmis basedon virtual springscreatedbetween
speci ¢ pairs of robots. As with real springs, eachvirtual
springin the meshhasa naturallengthanda springconstant.

For a given setof springs,the control law for eachrobot
is
1)
2)
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wherex representshe Cartesiancoordinatesdescribingthe
robot's position,x is therobot's accelerationy is therobot's
velocity, S is the setof springsconnectedo this robot, |; is
the length of the i'th spring,and ¥ is the unit vectorfrom
this robot to the robot on the other end of the i'th spring.
Controlconstantarethe naturalspringlength(lp), thespring
stiffness(ks), andthe dampingcoefcient (kqg).

IV. NETWORK TOPOLOGY SWITCHING

Deciding which adjacent robots with which to form
springsis a nontrivial problem. After investicating mary
options[27, we have developed a newv algorithm that is
basedupon an acute-angletest describedn more detail in
[27] and[28]. This algorithmretainsthe connectiongypical
to a nearby-neighborsapproach,but adds additional long-
rangeconnectionsn orderto maintainconnectvity among
all robots.

Consideragraphin whichtheverticesrepresentobotsand
the edgesrepresentvirtual spring connectionsEach vertex

has a location equivalent to the estimatedlocation of the
robot it representsUnder the Acute-Angle Test algorithm,
thereis an edgebetweenverticesA and B if and only if
for all otherverticesC, the interior angles ACB is acuté.
This createsa meshof acutetriangles.The acute-angleestis
equialentto atestfor thepresencef ary vertex C insidethe
circle with diameterAB , whichis moreef cient to compute.

Figure 1 shavs two examplesof the acute-angletest.
In Figure 1(a), an edge exists betweenA and B, since
all interior angles6 ACB are acute.In Figure 1(b), the
edgedoesnot exist becausethe acute-angletest fails with
robot C4. The circle with diameterAB is alsoshawn; it is
equialentto saythatthe edgedoesnot exist becauseC4 is
insidethe circle.

The acuteangletestis symmetric,so it doesnot require
communicationbetweenthe robots. It resultsin a planar
and connectedyraph,regardlessof the initial distribution of
robots.Formal proofsof thesepropertiesaregivenin a com-
panionpaper[3]. This provable connectiity is a signi cant
advantageover the standardthreshold distancealgorithm,
sinceit preventstheformationof separatedlustersof robots.
The acute angle algorithm is also parameteffree (that is,
there is no thresholdvalue that needsto be determined),
doesnot requirea global referenceframe, and doesnot put
ary constraintson the global shapeof the mesh.

V. STABILITY
A. Static Stability

Any spring meshwith x ed topology and kq > 0 will
eventually corverge to a stationarystate,where all robots
have velocity approachingzero. Intuitively, this is because
the dynamicsof a virtual springare analogoudo thoseof a
real spring, in which enepy is consered. Sincewe ensure
kg > O, thereis always a damping effect acting against
the motion of eachrobot. This forcesa reductionin kinetic
enepy. Kinetic enegy may be gainedby corverting potential
enepy storedin springs,but sincespringsaredissipatve, the
total enepgy (potential+ kinetic) in the meshcannotincrease.
Sincethe existenceof kinetic enegy resultsin a decreasén
total enegy, and this enegy cannotbe replenishedkinetic
enegy musteventually approacteero.

Formally, for n robotsin a springmesh,de ne X asthe
vectorof Cartesiarpositionsof therobots.De ne then x n
spring matrix as S suchthat S(i; j) = 1 iff a spring exists
betweenrobotsi andj and S(i; j) = 0 otherwise.De ne
then x n displacementmatrix D suchthat:

D(i;j) = (dist(i;j) lo)? 3)

wheredist(i; j ) is the distancebetweenrobotsi andj. D

representsthe displacementfrom natural length of every

springthat may exist, andis time-dependent.

Lemmab.1: In a spring meshwith x ed topology and
kq > O, all robotseventually reachzerovelocity.

Proof: Our proof will take advantageof Barbalats

lemma, which statesthat if f (t) is nite andif f(t) is

1This testis equivalentto thatusedto generatea Gabrielgraph[29, [30].



(a) Satis ed acute-anglaest

Fig. 1.

uniformly continuous(or equivalently, f*(t) is nite), then
f(t) approachegeroast approachei nity . We will apply
Barbalats lemmato an enepgy functionV , therebyshoving
that\L goesto zero, which togetherwith our de nition will
imply thatall robotsreachzero velocity.

Considerthe following enegy function:

V = 1“T%ks(s: D)1" + %(X—TX_) 4)

whereks > 0isthespringstiffness, representanelement-
by-elementmultiply and 1" is the vectorof n ones.

As D andS arepositive-de niteandks > 0,V is positive-
de nite.

While we omit the derivation (which is nontrivial but fairly
straightforvard) for brevity, we claim that the derivative of
the enepgy functionis the following:

V= ka(XTX) 5)

which is obtainedby differentiatingV and using Equation
1 to substitutefor X . As intendedby our choiceof control
laws, all of the spring potentialterms cancelout and leave
only the dampingterms.

Differentiating\., we see:

V= 2kg(XTIX) (6)

We de ned X in Equationl, andit is clearly nite aslong
asthe distancedetweenthe robotsare nite. We alsoknow
that X is nite, becausat is atermof V (V containsonly
positive termsandis boundedabore by its initial condition,
asits deriative is negative semi-de nite). Thus, all termsin
V are nite.

SinceV is lower boundedby zero, \L is negative semi-
de nite, andV is nite (equialently \L is unifromly contin-
uous),Barbalats lemmastatesthat\.! O ast! 1. This
canonly occurwhenall termsin X are zero, so all robots
eventually reachzero velocity.

(b) Unsatis ed acute-angldest

lllustration of acute-angldgest

|

Notice that while \L mustapproachzero,V may not. It
is possiblefor somepotentialenepgy to exist evenin a x ed
spring meshin its stationarystate.In the generalcase,it
is of coursepossibleto add enegy by changingthe mesh
topology

Also notethatthe statewith zeropotentialenegy doesnot
necessarilyexist in a given ernvironment.This is mosteasily
seenin the casewhere mary robots are placedin a small
room (perhapssmalleracrosghanthe naturalspringlength).
In this erwvironment,thereis no reachablecon guration with
zero potentialeneny.

Thesepropertiesimply that in the absenceof switching,
all the robotscometo rest,but thatthe exact nal formation
is not uniquely determined.

B. Dynamic Stability

In orderto shav stability in the presenceof time-varying
topology (the dynamiccase) we modify the switchingalgo-
rithm in a mannerinspiredby dwell-time analysis Hespanha
and Morse[24 proved that if all membersof a given class
of linear systemsare stable,thenarbitrary switchingamong
those systemsresultsin a stable hybrid system,provided
thatthe switchingrateis “slow-on-the-aerage”.They further
shav how to computetheaveragetime betweerswitchesthe
dwell time) that guaranteestability. Essentially the proof
shaws that the rate of decreaseof the Lyapunw function
dueto the dissipationis greaterthanthe rate of increaseof
the Lyapunwe function dueto switching.

In our approach,instead of computing a limit on the
switching frequeng explicitly, we usea notion of a global
“eneigy resere” to createthe samelimiting effect on the
switching rate. We nd this approachintuitive and more
straightforvard to implementin our distributed system,in
which switching eventsare detectedocally.



Let the global enegy resene E be denotedas E and
de ne constantke suchthat 0 < ke < 1. The quantity E
is de ned to be the solution to a differential equation.It
startswith some nonn@ative initial value Eq and evolves
accordingto the following:

keka((—)T ()
1"TIks( St Dy)1"

)
(8)

wherethe: operatorindicatesan element-by-elementul-
tiply and 1" indicatesthe column vector of n ones.Note
that S is no longer constantjt changesvhene&er thereis a
changein topology

The rst term in the abore equationis positive-de nite
as before. The secondterm only comesinto play when a
topology changeoccurs(that is, whenthereis a changein
S), andit is exactly the oppositeof the instantaneoushange
in V dueto the topology change.

To ensurestability in thedynamiccase puralgorithmmust
forbid topology changesn ary casewherethe resultwould
causeE; < 0. Thisis easyto enforce,sincethe effecton E
of forming eachspringis preciselyde ned. This restriction,
combinedwith the original switching algorithm, de nes the
modi ed acute-angleswitching algorithm

Algorithm 1 u = Updatek, x , E, priorSprings)
1: currentSprings  AcuteAngle®st(X)
deltaE  Potential(currentSpringspriorSprings,X )
if (E - deltaE)< O thencurrentSprings priorSprings
elseE  E - deltaE
u ControlLav(currentSpringsX, x )
E  E+keka(*7)"(*¢)
E  AvgWithNeighborskg)
priorSprings  currentSprings

S A o

Algorithm 1 shawvs pseudocodédncluding the modi ed
switching algorithm. The updatefunction executesonceper
time step on each robot. The spring sets indicated only
include springsconnectedo the robot on which the codeis
executing.X representshe vectorof positionsof all visible
robots,and x representghe executingrobot's changein
position sincethe last time step.

At eachtime step,eachrobot recomputests spring con-
nectionsusing the acuteangletest. The changein potential
causedby the new spring connectionsis computed,and
that quantity is subtractedrom E if it would not bring E
belov zero(this implementghe seconderm of Equation8).
Otherwisetheold setof springconnectionsreretained The
controllaw is thenappliedto updateu, andthe rst term of
Equation8 is appliedto completethe updateof E. Changes
in E are propagted through the mesh through averaging
with neighborswhich is describedmore below.

Theoem5.2: In a springmeshwith topology determined
by the modi ed acute-angleswitching algorithm, all robots
eventually reachzero velocity.

Proof: Our proof will invoke Barbalats lemma in
the samemanneras before, but with a modi ed potential
function:

Vl=V +E (9)

Recallthat E was de ned in sucha way that it is non-
decreasingn the absenceof switching. Also, our modi ed
switching algorithm forbids ary switch that would causeE
to becomenegative. This restrictionis vital in thatit ensures
that V © never becomesegative.

Converting \L to discrete-timeform, we have:

= ka(—0)T (=)
+1"T Iks( S: D)1

\%
t

The rst termis derived from Equation5; the seconderm
re ects the possibleinstantaneoushangein V dueto a
topology changeandis derived from Equation4.

Substitutingfrom previous equationswe have:

+ —
t t t

0
Vv _ \% E (10)

—= ka(=0)T (=) + 1T 3ks( St Do)1"
+ keka(ZH)T () 1"T3ks( S D1
which simpli es to:

Vo X X
C 7 kil k)(—) ()

It is corvenientat this pointto corvert backto continuous-
time notation:

11)

VO k(1 ke)(XTX) (12)

Now it is easyto seethat, similarly to the static case,
Vo= 2kg(1 ke)(XIX) (13)

whereX is now discontinuousput is still nite.

Thus, we agin have a nonngative potential function
V % with \L° negative semi-de niteand ¥ © nite. Barbalats
lemmastill applies,implying V9! 0Oast! 1, soall
velocitiesmustapproacteero.

[ ]

By design, switching does not affect the value of V°
becausehe changesn V causedy switchingarecountered
exactly by oppositechangesn E. Intuitively, the changein
E at eachtime stepindicatesthe amountof enepgy thatis
dampedut of thesystem(reducedoy the constanfactorke),
minusthe enegy createdor destryed by spring switching.
By forbidding spring switching when E < 0 and using
0 < ke < 1, we ensurethat, on the average,the enegy
introducedby switchingis lessthantheenegy removedfrom
thesystemby damping.Thisis intuitively similarto theresult
obtainedthroughdwell-time analysis.



(a) Initial state (b) Final state

Fig. 2. Clusterdeploymentscenario:robotsdeplgy from a clusteredinitial con guration

(a) Initial state (b) Final state

Fig. 3. Distributed deploymentscenariorobotsdeploy from a scatterednitial con guration

(a) Initial state (b) Intermediatestate (c) Final state

Fig. 4. Multiple clusterdeploymentscenariorobotsfrom initially separatectlustersdeplo into a single mesh
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Fig. 5. Fractionof edgesthat are not within thresholddistance for the
situationshown in Figure 4

Becausehe effect of eachswitch on the global potential
can be locally determined,no global communicationis
necessaryAlthough E is de ned as a global value, each
robot may have its own estimateof the currentvalue of E.
Changesn E may be propagtedby causingeachrobot to
periodically averageits estimateof E with its neighbors'
estimatesAveragingis a conserative operation(it doesnot
changethe sum of all estimatesof E), andin a connected
mesh all estimateswill eventually corverge to the same
value. Such corvergenceis provable and is known as the
consensuprobleni32]. Thus, every estimatewill be driven
to the samevalue, which hasthe samebehaior (neglecting
scalingby the numberof robots)asthe global E, sinceno
enegy was createdor destryed by the averagingprocess.

V1. SIMULATION RESULTS

Figures2, 3, and 4 shav the resultsof three simulated
deploymentscenariosln Figure2, forty robotsdeploy from a
tight cluster In Figure 3, forty robotsdeploy from a scattered
con guration. In Figure4, four distinct clustersof tenrobots
eachdeploy simultaneouslyln all casesthe potentialin the

nal con guration is nearzero, but not equalto zero. This
is a typical result.

The resultillustratedin Figure 4 is signi cantly different
from what would be obtained with a nearby neighbors
algorithm.Theadditionof theacuteangleswitchingfunction
guaranteeghat the clustersall connectinto a single mesh;
without this, therewould be no assurancehat the clusters
would memge.

Figure 5 shaws the fraction of the edgesthat are longer
thanthe nearby-neighborthresholddistanceasa function of
simulationtime. This quantityrepresentshe degreeto which
the acuteangle switching algorithmis behaing differently
thanthe thresholddistancealgorithm. Therearea signi cant
numberof long edgesduring the period when the clusters
are combining, but the number of long edgesdecreases
rapidly to zero when the combinationis complete.This is
not surprising—thedynamicsof the systemtendto drive all
edgelengthsto the naturallength. Thus,theacuteanglemesh
become®quialentto thethresholddistancemeshover time.

VIlI. CONCLUSION

We have demonstratedn alternatve to nearby-neighbor
switching algorithms. The acuteangle switching algorithm
createsa switchedsystemthat featuresa provably connected
adjaceng graph. While providing connectvity, the added
long-distancelinks createdby the acute angle switching
algorithm do not destabilizethe system.This allows an in-
creasen performancevhencomparedo standardswitching
algorithmsbasedon simple distancethresholds.

REFERENCES
[1]
[2]

T. BalchandL. E. Parker, RobotTeams:From Diversity to Polymor
phism A K PetersLtd, 2002.

T. Balch and R. C. Arkin, “Behavior-basedformation control for
multirobot teams, IEEE Transactionson Roboticsand Automation
vol. 14, pp. 926-939,1998.

T. BalchandR. C. Arkin, “Motor schema-basefbrmationcontrol for
multiagentrobot teams, in First International Confeenceon Multi-
Agen SystemgICMAS) 1995.

M. Roth, D. Vail, and M. Veloso,“A world model for multi-robot
teamswith communicatiori, in IROS-20032003. (undersubmission).
W. Burgard, D. Fox, M. Moors, R. Simmons,andS. Thrun, “Collab-
orative multi-robot exploration; in IEEE International Confeenceon
Roboticsand Automation(ICRA), 2000.

B. P. Gerley, R. T. Vaughan,K. Stoy, A. Howard, G. S. Sukhatme,
and M. J. Mataric, “Most valuable player: A robot device sener
for distributed control} in IEEE/RSJInternational Confeence on
Intelligent Robotsand SystemgIROS) 2001.

R. A. Brooks,“Integratedsystemshasedon behaiors; SIGARTBuIl.,
vol. 2, no. 4, pp. 46-50,1991.

B. B. Werger, “Cooperationwithout deliberation:A minimal behaior-
basedapproachto multi-robotteams), Arti cial Intelligence vol. 110,
pp. 293-320,1999.

D. W. Gage,"Commandcontrolfor mary—robotsystems,in Proceed-
ings of NineteenthAnnual AUVS Technical SymposiumJune1992.
A. Howard, M. J. Mataric, and G. S. Sukhatme,“Mobile sensor
network deployment using potential elds: A distributed, scalable
solutionto theareacaoverageproblem) in 6th InternationalSymposium
on Distributed AutonomousRobotic SystemgDARS) June2002.

W. M. Spearsand D. F. Gordon,“Using arti cial physicsto control
agents, in Proceedingsof IEEE International Confeenceon Infor-
mation, Intelligence and Systems1999.

D. F. Gordon,W. M. Spears,O. Sololsky, and|. Lee, “Distributed
spatial control, global monitoring and steering of mobile agents,
in Proceedingsof IEEE International Confeence on Information,
Intelligence and Systems1999.

T. Balch and M. Hybinette, “Behavior-basedcoordinationof large-
scalerobot formations; in Proceedingsof the Fourth International
Confeenceon Multiagent SystemgICMAS pp. 363-364,July 2000.
G. BaldassarreS. Nol, andD. Parisi, “Evolving mobile robotsable
to display collective behaiors; in Proceedingsof the International
Workshop on Self-Oganization and Evolution of Social Behavios,
pp. 11-22,Septembe002.

E. SahinandN. Franks,"Measuremenbf spacefFromantsto robots,
in Proceeding®f WGW2002: EPSRC/BBSRGternational\Workshop
Biologically-Inspired Robotics:TheLegacyof W. Grey Walter, (Bristol,
UK), pp. 241-247 Aug. 14-16,2002.

S.KoenigandY. Liu, “Terraincoveragewith antrobots:A simulation
study’ in Proceeding®f the InternationalConfeenceon Autonomous
Agents pp. 600-607,2001.

B. B. Wemger and M. J. Mataric, “From insectto internet: Situated
control for networked robot teams), in Annals of Mathematicsand
Avriti cial Intelligence pp. 173-197,2001.

D. F. Gordon-SpearandW. M. Spears;Analysisof a phasetransition
in a physics-basedmultiagent systent, in Proceedingsof NASA—
Goddad/IEEE Workshopon Formal Approacdesto Agent-BasedSys-
tems 2002.

J. McLurkin and J. Smith, “Distributed algorithmsfor dispersionin
indoor ervironmentsusing a swarm of autonomousmobile robots)
in 7th International Symposiunon Distributed AutonomousRobotic
SystemgDARS) June2004.

(3]

(4]
(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]

(23]

[14]

(18]

[16]

[17]

(18]

[19]



[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

[32]

H. G. Tanner A. Jadbabaieand G. J. Pappas,“Flocking in x ed
and switching networks; |IEEE Transactionson Automatic Contol
(submitted) 2005.

H. G. Tanner A. Jadbabaieand G. J. Pappas,“Stable ocking of
mobile agents,part i: Fixed topology’ in IEEE Conf on Decision
and Contol, 2003.

H. G. Tanner A. Jadbabaieand G. J. Pappas,“Stable ocking of
mobile agentspartii: Dynamictopology’ in IEEE Conf on Decision
and Contol, 2003.

J. P. Hespanha;Extending lasalles invarianceprinciple to switched
linear systems, in IEEE Conf on Decisionand Control, 2001.

J. P Hespanhand A. S. Morse, “Stability of switchedsystemswith
averagedwell-time} in IEEE Conf on Decisionand Control, 1999.
J. P. HespanhapD. Liberzon,A. S. Morse,B. D. O. Anderson,T. S.
BrinsmeadandF. D. Bruyne, “Multiple modeladaptve control, part
2: Switching, InternationalJournal of Rolustand NonlinearContol,
2001.

J. Cortes, S. Martinez, T. Karatas,and F. Bullo, “Coveragecontrol
for mobile sensingnetworks; IEEE Transactionson Roboticsand
Automation; 2004.

B. Shucler and J. K. Bennett,“Virtual spring meshalgorithmsfor
control of distributed robotic macrosensors,Tech. Rep. CU-CS-996-
05, University of Colorado,May 2005.

B. Shucler andJ. K. Bennett,“Scalablecontrol of distributedrobotic
macrosensors,in 7th International Symposiumon Distributed Au-
tonomousRobotic SystemgDARS) June2004.

K. R. Gabriel and R. R. Sokal, “A new statistical approachto
geographicvariation analysis, SystematiZoology, vol. 18, pp. 259—
278,1969.

D. W. MatulaandR. R. Sokal,“Propertiesof Gabrielgraphsrelevant
to geographicvariation researchand the clusteringof pointsin the
plane; Gearaphical Analysis vol. 12, pp. 205-222,1980.

B. Shucler, T. Murphey, andJ. K. Bennett,"Cooperatve controlusing
occasionalnon-local interactions, in IEEE Confeenceon Robotics
and Automation 2006.

R. O. SaberandR. M. Murray, “Consensugprotocolsfor networks of
dynamicagents, in AmericanControl Confeence 2003.



